Abstract. This paper gives some necessary and sufficient conditions for the generalized Hilbert integral operators to be bounded on the Herz spaces. The corresponding new operator norm inequalities are obtained.
Introduction
Considerable attention has been given to the classical Hilbert operator T defined by |f (x)| p dx) 1/p and the constant factors π/ sin(π/p) is the best value (see [1] ). In view of the mathematical importance and applications, considerable attention has also been given to various improvements, refinements and extensions of many inequalities by various authors (see e.g., [3, 4, 5, 6, 7, 8, 9, 10, 11] and the references cited therein).However, hardly any work was done on inequalities on the Herz spaces. It is well-known that the Herz spaces play an important role in characterizing the properties of functions and multipliers on the classical Hardy spaces. In recent years, a series of papers have paid more attention to the study of the Herz spaces themselves (see [12, 13] ). The aim of this paper is to establish some new inequalities related to the generalized Hilbert integral operator
with the general kernel K(x, y). We obtain some necessary and sufficient conditions for the generalized Hilbert integral operator T to be bounded on the Herz spaces. The corresponding new operator norm inequalities are obtained.
Definitions and statement of the main results
(1) The homogeneous Herz spaceK α,p q (R n ) is defined by [12] :
where
2) The homogeneous Herz type spaceK
We can similarly define the non-homogeneous Herz space K α,p q (R n ) and K α,p q (ω). It is easy to see that when p = q, we haveK
. Throughout this paper, we write
Our main results are the following two theorems:
be a nonnegative measurable function on (0, ∞) × (0, ∞) which satisfies the following conditions:
Then the generalized Hilbert integral operator T defined by (1.3) is a bounded operator fromK
Moreover, when (2.7) holds, the operator norm T of T onK α,p q (ω) satisfies the following inequality:
where 
Moreover, when (2.11) holds, the operator norm
p , then by (1.3) and (2.12), we reduced the classical Hardy operator
where T 0 = p/(λp − α − 1) is the best possible constant. In pacticular, when α = 0, λ = 1, (2.13) reduce to the classical Hardy inequality [3, 4] :
Hence, our main results imply many useful inequalities with the best constant factors.
There are some similar results for the non-homogeneous Herz spaces. We omit the details here.
Proofs of Theorems 1 and 3
In what follows, we shall write simplyK Proof of Theorem 1. Using Minkowski inequality for integrals and setting y = tx, we get
For each t ∈ (0, ∞), there exists an integer m such that 2 m−1 < t ≤ 2 m . Setting
It follows that
(3.1) Now, we consider two cases for p: Case 1. 0 < p < 1. In this case, it follows from (3.1), (2.6) and (2.5) that
Case 2. 1 ≤ p < ∞. In this case, it follows from (3.1), (2.5) and (2.6) that
Hence, by (3.2) and (3.3), we get
where C(p, α) is defined by (2.9).
To prove the opposite inequality, we set for each ε ∈ (0, 1),
Observe that
For each ε ∈ (0, 1), there exists a positive integer l, such that 2
Thus,
Take limits as ε → 0 in (3.9), we obtain
This finishes the proof of Theorem 1.
Proof of Theorem 3. By Minkowsks inequality for integrals and setting y = tx, we have
To prove the opposite inequality , we set for any ε ∈ (0, 1), Then by (3.12) and (3.13), we have T = ∞ 0 t λ−1−(1+α)/p K(1, t)dt. The Theorem is proved.
